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In the present note we prove an asymptotically tight relation be- 
tween additive and multiplicative complexity of Boolean functions 
with respect to implementation by circuits over the basis {©, A, 1}. 

To start, consider a problem of computation of polynomials over a semir- 
ing {K^ +, x) by circuits over the arithmetic basis {+, x} U i^'. 
Q ■ It's a common knowledge that a polynomial of n variables with nonscalar 

multiplicative complexity M (i.e. the minimal number of multiplications to 
implement the polynomial, not counting multiplications by constants) has 
total complexity 0{M[M + n)). Generally speaking, the bound could not 
' be improved for infinite semirings. For instance, it follows from results by 

E. G. Belaga pj and V. Ya. Pan [S] (there exist 1-variable complex and real 
polynomials of degree n with additive complexity n; at the same time, each 
\ such polynomial has nonscalar multiplicative complexity 0(-\/n) [9]). 

\ An analogous standard bound for finite semirings is OiMiM^n) j log M). 

Generally speaking, this bound is also tight in order. A result of such sort 
was proven in [11] a We prove a similar but asymptotically tight result. 

X 

^ ■ Theorem 1. If a Boolean function of n variables can be implemented by a 

- - - circuit over the basis {©, A, 1} of multiplicative complexity M = Q{n), then 

it can be implemented by a circuit of total complexity (1/2 + o{l))M{M + 
2n) / log2 M over the same basis. The bound is asymptotically optimal. 



*Research supported in part by RFBR, grants 11-01-00508, 11-01-00792, and OMN 
RAS "Algebraic and combinatorial methods of mathematical cybernetics and information 
systems of new generation" program (project "Problems of optimal synthesis of control 
systems"). 

''^e-mail: isserg@gmail.com 

^ [TT| deals with monotone Boolean circuits. 
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The stated result is nearly folklore, since it's an immediate corollary of 
results by E. I. Nechiporuk of early 1960s. However, these results are little 
known, and the corollary is even less known. Thus, it seems appropriate to 
give a proof. 

The second claim of the theorem (the bound optimality) holds since 
almost all Boolean functions of n variables have multiplicative complexity 
~ 2"/2 [sg ^Q^g^i complexity ~ 2"/n g]. 

Let us prove the first claim. 

Let y4 be a Boolean matrix of size m x n (m rows, n columns). Assign 1 
to each entry of matrix which is located at most log2 m positions from a one 
of matrix A in the same row. We denote by S{A) a weighllfl of the obtained 
matrix and name it an active square of matrix A. 

The following lemma is an appropriate reformulation of particular case of 
a result due to Nechiporuk [6, 7j. In what follows, under an implementation 
of a matrix we understand an implementation of a linear operator with that 
matrix. 

Lemma 1. Any Boolean matrix A of size m x n can be implemented by an 



Proof. Divide a set of n variables into groups of s < log2 m. All possible 
sums in every group can be trivially computed with complexity < 2*. 

Regard the computed sums as new variables and note that the problem 
is now reduced to implementation of a matrix of size m x 2* [n/s] and weight 



Divide the new matrix into horizontal sections of height p. Implement 
each section independently. For this, in each column of a section group all 
ones into pairs. Denote by yij a sum of (new) variables corresponding to 
columns with paired ones from z-th and j-th rows. 

Compute all yij independently. Next, implement an i-th row of a section 
as yi,i + - ■ ■ + yi,p + Zi, where Zi is a sum of variables corresponding to positions 
with odd ones. 

Note that the total complexity of computation of all yij in all sections 
is at most as large as the half of matrix weight, that is, S{A)/{2s), and the 
number of odd ones in each section is at most as large as the number of 
columns, i.e. 2^\n/s']. Therefore, the complexity of the described circuit is 

^Instead of this result of Nechiporuk a trivial upper bound • 2"/^ from the later 
paper [2_ is often cited. 

"^Weight of a matrix is the number of nonzero entries in it. 
'^Over any associative and commutative semigroup (G, +). 




< S{A)/s. 
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Assuming p ~ m/log^m and s ~ loggm — 31og2log2m, we obtain the re- 
quired bound. □ 

The bound of lemma is asymptotically tight. More general results of that 
sort established by N. Pippenger [10] and V. V. Kochergin pj. 

Now we complete the proof of the theorem. Let a circuit S to implement 
a Boolean function / with multiplicative complexity M. Number all con- 
junction gates in the circuit in an order not contradicting the orientation. 
Denote by h2i-i, /i2i input functions of i-th conjunction gate, and denote by 
gi its output function. 

Each function hj is a linear combination of variables and functions Qi, 
where 1 < i < j/2. The function / itself is a linear combination of variables 
and all functions g^. 

Computation of all functions hj, j = 1, . . . , 2M, together with the func- 
tion / as linear combinations of variables and functions gi can be performed 
by a linear operator with matrix of size (2M + 1) x (M + n) and active square 
< (2M + l)(n + M/2 + loggM). To obtain the desired bound, implement 
this operator via the method of Lemma 1. 
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O COOTHOmeHHH Me>K^y a;],;],HTHBHOH H 
MyjIbTHnjIHKaTHBHOH CJIO>KHOCTbIO 6yjieBbix 

cJ)yHKlHHH* 



O ■ M. C. CepreefiT 



Q ! COM {e, A, 1}. 



AHHOTaU,HH 

B HacTOHmeli saMeTKe npHBO^HTCH ^OKaaaTejibCTBO acHMnTOTHHe- 

CKH TOHHOrO COOTHOmeHHH MeJKfly a/mHTHBHOH H MyjIbTHHJIHKaTHBHOH 

cjiojKHOCTbio 6yjieBbix 4)yHKu;HH npn peajiHsai^HH cxeMaMH nafl 6a3H- 



C/3 

^ OGpaxHMCH K sa^ane BbiHHCjieHHJi MHoroHjienoB na^i; HCKOTopbiM nojiy- 

KOJIbIJ,OM (K^ +, X) CXeMaMH Ha^ apH(|)MeTHHeCKHM 6a3HCOM { + , x} U i^'. 
>- ! CTaH^apTHblM (|)aKTOM 3BJI5ieTCa TO, HTO eCJIH HeKOTOpblH MHOrOHJieH 

^ \ n nepeMeHHbix HMeeT HecKajiapnyio MyjibTHnjiHKaTHBHyK) cjiojkhoctb M 

(MHHHMajiBHoe HHCJio yMHOJKeHHH B peajiH3yioiu;eH ero cxene, ne cHHTaa 

yMHOJKeHHH Ha KOHCTaHTbl) , TO CTO o6iri;a3 CJIOJKHOCTB He HpeBOCXO^HT 

. 0{M[M + ^)). /Jjia 6ecKOHeHHt.ix nojiyKOJien; 3Ta on,eHKa, BooGme roBopa, 

^ ! HeyjiyHinaeMa, xax cjie^yeT, nanpHMep, h3 peayjibTaTOB 3. F. Bejiarn [Ij h 

B. 51. nana j7] (cymecTByioT KOMnjieKCHbie h BemecTBeHHBie MHoroHjieHti 
o;i,HOH nepeMeHHOH cTeneHH n, KOToptie HMeioT aftri;HTHBHyio cjiojkhoctb n; b 
^ ' TO ace BpeMH HecKajiapnaa MyjibTHnjiHKaTHBHaa cjiojkhoctb jiio6oro TaKoro 

^ ■ MHoroHjiena ne npeBocxo^HT 0{^\fn) [9j). 

KOHeHHbix nojiyKOJien; cTaH^apTHofl HBjiaeTCH on;eHKa OiMiM + 
ra)/ logM), KOTopaH Taxace, BooGme roBopa, HeyjiynmaeMa no nopa^^xy. Ho- 
^oGhbih peayjiBTaT, nanpHMep, ^oKasbiBaeTca b [11], r^e paccMaTpnBaioTCH 
MonoTonnbie 6yjieBL.i cxeMbi. Mti npnBO^HM acHMnTOTnnecKH Tonntiii pe- 
syjiBTaT TaKoro po^a. 



*Pa6oTa BbinojiHCHa npH cjjHHaHCOBOii no^ep>KKe POcDH, npoeKTbi 11-01-00508 h 11- 
01-00792, H nporpaMMbi 4)yH;i,aMeHTajibHbix HCCjieflOBanHH OMH PAH «Ajire6paHHecKHe 

H KOM6HHaTOpHbie MCTOflbl MaTeMaTHHCCKOH KH6cpHCTHKH H HHcJjOpMai^HOHHbie CHCTeMbI 

HOBoro noKOjieHHa» (npoexT «3afla'5H onTHMajibHoro CHHTeaa ynpaBjiHiomHx CHCTeM»). 
^3ji. a^pec: isserg@ginail.com 
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TeopeMa 1. Ecau 6yAeey (pyHKyum n nepejueHHUx mochcho peaAusoeamb 
cxeMou Had 6a3ucoM {©, A, 1} MyAtmunAUKamueHou CAOcucHocmu M = 
Q{n), mo ee mookho peaAusoeam-b cxcmou Had meM Mce 6a3ucoM o6%Jneu 
CAOMCHOcmu (1/2 + o(l))M(M + 2n)/ log2 M. UocAedHsisi oyenna acuMnmo- 
muHecKU HeyAyumaeMa. 

9tot peayjibxax mojkho cMHTaxL. c|)ojil.kjiophl.im, t.k. oh BbiTexaeT neno- 
cpe^cTBeHHo H3 pesyjibxaxoB 3. H. HennnopyKa nanajia 1960-x rr. O^naKo 
caMH 3TH peayjibxaTL.!, h tcm 6ojiee cjie^cxBHe hs hhx, ocxaioTca MajioHSBecx- 
HBIMH. BBHfly 3Toro, yMecTHO npHBecTH ^OKasaxejiBCTBO. 

BTopaa HacTB xeopeMbi (onxHMajiBHocTb ou;eHKH) cjie^yex h3 xoro, hto 
noHTH Bce GyjieBbi (|)yHKn;HH n nepeMennbix hmciot MyjibXHnjiHKaTHBHyio 
cjiojKHocTb ~ 2"/^ [3] (bmccto 3Toro pesyjibxaxa HennnopyKa nacxo n;HTHpy- 
exca xpHBHajiBHaji BepxHJia oii;eHKa ^ ■ 2"''^ h3 Gojiee noa^Hefi paGoxbi [8]) 
H oGmylo cjiojKHocxB ~ 2"/n j3]. 

/^OKajKeM nepByio nacxb. 

Hycxb A — 6yjieBa MaxpHii;a pasMepa m x n (m cxpoK, n cxoji6n;oB). B 
KaJK^yio aneiiKy MaxpHn;L.i, pacnojioaceHHyio He ^ajiee neu b logg m no3Hn;H- 
ax cjieBa hjih cnpaBa ox neKoxopoii e^HHHn;L.i MaxpHii,t>i A, xaKJKe sannmeM 
ejiRHRuy. Bee nojiyneHHofl MaxpHn;t.i o6o3HaHHM S{A) h naaoBeM aKmuenou 
nAoui^adhto MaxpHij,L.i A (Bee MaxpHij,L.i — sxo hhcjio HenyjieBBix sjieMenxoB b 
Hefl). 

Cjie^yiomaa jieMMa sBjiaexca no;i;xofl3iri;eH nepe4)opMyjiHpoBKOH nacx- 
Horo cjiynaa pesyjibxaxa HennnopyKa O [B]. JXajiee, roBopa o peajiH3an;HH 
HeKoxopoii MaxpHn;L.i, mbi HMeeM b BH^y peajiH3ai];Hio jiHHeilHoro onepaxopa 
c flaHHOH MaxpHn;eH. 

JieMMa 1. EyAeea Mamput^a A pasMcpa m x n peaAusyemcn addumuenou 
cxeMou {nad npouaeoAhuou accov,uamueHou u KOMMymamueHou noAyspyn- 

nou (G, +)) cAOMCHocmu — h o \ ) . 

\ T ' / J 2 log2 m \ log m j 

floKasameA'bcmeo. MnoacecxBO n nepeMeHHtix paaGnBaexcsi na rpynnti no 
s < log2 m mxyK. Bce B03M0>KHt.ie cyMMti b o^noii rpynne peajiHsyioxcH co 

CJIOJKHOCXBIO < 2* XpHBHajIBHBIM CnOCo6oM. 

EcjiH npHHHXL. yKaaaHHbie cyMMbi sa HOBbie nepeMeHHbie, xo sa^^ana cBe- 
flena k BbmncjieHHio MaxpHii;t.i pasMepa m x 2^\n/s'] h Beca < S{A)/s. 

3xa MaxpHij,a pasGnBaexca na ropHsoHxajiBHbie nojiocbi bbicoxbi p. Max- 
pHii;t.i B nojiocax peajiHsyioxcH nesaBHCHMo. EjiRHmxhi b xajK^oM cxoji6ii;e 
xaKOH MaxpHij,bi o6x.eflHH3ioxca nonapno. OGoanaHHM nepea yij cyMMy (ho- 
Bbix) nepeMeHHbix, cooxBexcxByiomHx cxoji6ii,aM MaxpHi^bi, b Koxopbix napy 
oGpaayiox e^HHHn;t.i h3 i-m h hs j-fl cxpoK. 
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BbiHHCjiHM Bce j HesaBHCHMo. /I,ajiee, jiioGaa i-H cxpoKa MaTpHn;t>i pe- 
ajiHsyexcH xaK Ui^i + . . . + yi^p + Zj, r^e Zi — cyMMa nepeMennbix, cootbct- 
CTByiomHX no3Hn;H5iM HenapHBix e^HHHii; cxpoKH. 

OcTaexcH saMexHTb, hto cyMMapnaa cjiojkhoctb BbiHHCJieHHH Bcex Ui^j 
BO Bcex nojiocax ne npeBocxo^Hx nojioBHHbi Beca MaTpHn;t.i, x.e. S{A) / (2s), a 
HHCjio HenapHbix cjiaraeMbix b KajKfloii nojioce ne npeBocxo^HT HHCjia ctoji6- 
n;oB 2*[n/s]. Cjie^OBaxejibHO, cjiojkhoctb nocxpoeHHOii cxeMti mojkho on;e- 

HHTb KaK 

n2' SiA) 

\ — Vmp + 

s 2s 

Hojiaraa p m/ log^ m h s ~ log2 m — 3 log2 log2 m, nojiynaeM xpeGyeMyio 
oii;eHKy. □ 

Oii;eHKa jieMMbi aBjiaexcH acHMnxoTHHecKH HeyjiynmaeMOH. Bojiee o6iri;He 
peayjiBTaTbi no;];o6Horo po;i,a nojiyneHbi b pa6oTax H. IlHnneHfljKepa [lOJ h 
B. B. KoneprHHa \2\. 

Tenepb aaBepniHM ^oKaaaxejiBCTBo xeopeMBi. HycTb cxeMa S peajiHsy- 
ex 6yjieBy 4)yHKii;Hio / c MyjibTHnjiHKaxHBHOH cjiojkhoctbio M. SanyMepyeM 
sjieMeHTbi KOHT3ioHKn;HH B cxeMe b nopsflKe, ne npoTHBopenameM opHeHxa- 
i];hh. 06o3HaHHM nepea /i2i-i)^2i (|)yHKn;HH, no^aBaeMbie na Bxofl i-ro sjie- 
MCHTa KOHT3ioHKn;HH, a Hepes gi — (|)yHKij,Hio, peajiHsyeMyio na ero Btixo^e. 

JIio6aa H3 (|)yHKij,Hfi hj HBjiaeTCH jiHHeiiHOH KOM6HHaiJ,Heii nepeMennbix 
H (|)ynKn,HH gi, r^e 1 < i < j/2. Caivia (|)ynKn;H3 / abjiaexca jinnennon 
KOM6Hnau;HeH nepeMennbix n Bcex (J)yHKii;HH gi. 

Bbinncjienne Bcex 4)ynKn;HH hj, j = 1, . . . , 2M, n caMoii 4)ynKn;HH / KaK 
jinnennbix KOMGnnai^nn nepeMennbix n (|)ynKn,HH gi BbinojinaexcH jinnennbiM 
onepaxopoM c Maxpni^eil pasMepa (2M + 1) x (M + n), HMeiomen aKXHBnyio 
njioma^b < (2M + l)(n + M/2 + log2M). Peajinaya sxox onepaxop npn 
noMomn jieMMbi 1, nojiynaeM on;enKy xeopeMbi. 
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